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Abstract

Motivated by the art of curved crease origami we study mathematical models for folding ideal paper along curved creases. We approach
the problem of finding mathematical descriptions in terms of developable surfaces of those shapes which can be folded from real paper
but where its rigorous description is often unknown. For that we investigate a particular one-parameter family of surfaces isometric
to a given planar surface patch. For each such surface we parametrize the crease curves which fold those surfaces into cylinders and
cones. We apply our methods to explore curved crease origami designs, such as tessellations of the plane and cylinders.
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1. Introduction

This paper is a generalization of methods utilized in
Mundilova and Wills [1]] for the geometric description of a by
hand easily obtained shape appearing in the sculpture “Attrac-
tion” by Susan Latham. In this sculpture, two overlapping discs,
the so called Vesica Piscis, are folded along their inner circle seg-
ments, so that the outer coincide, see Fig. E}

Figure 1: Folded Vesica Piscis used in Susan Lathams sculpture.

However, mathematical paper folding is more restrictive than
folding real paper. Mathematically ideal paper is infinitely thin,
not stretchable and allows just creases that exactly fit together in
the development. Paper or other “non-stretchable” sheets of ma-
terials on the other hand seem to allow additional little creases
or imperfections in stiffness. For example, the pleated hyper-
bolic paraboloid seems foldable, but Demaine et al. showed in
[2]] that this shape does not mathematically exist without addi-
tional creases. The existence of other objects, such as the pleated
circular folding of an annulus, are still open problems, although
strong numerical evidence for its existence was found by Dias et
al. 3L 4]. By determining the folded Vesica Piscis parametriza-
tion, Mundilova and Wills [1]] proved its existence.

In this paper, we give a generalization of the two steps utilized
to parametrize the folded Vesica Piscis. Firstly, we investigate
the generation of shapes isometric to a given development by
keeping the surface boundaries planar. Then, we derive formulas
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for the crease curves that fold a given surface into a cylinder or a
cone. The hereby obtained methods can be used for the explicit
mathematical design of shapes with curved creases and we give
some examples in Section 6]

2. Prior work

One of the most influential curved crease paper folding de-
signers was David Huffman. Insights in his work are given by
Demaine et al. [S] and Koschitz [6]. Huffman’s investigatiga-
tions of the local mathematical behaviour of paper in [7] were
succeeded by Fuchs and Tabachnikov [8]] who established condi-
tions for smoothly folded paper. Namely, the intrinsic curvatures
of the crease curve w.r.t. the adjacent developable strips must co-
incide in order for them to fit together in the developed state. This
can be also reformulated in terms of the osculating plane of the
curve being the bisector of the tangent planes of the two adjacent
surfaces in every point. Demaine et al. [9} [10] further studied the
relationship between creases and rulings, in particular in connec-
tion with Huffman’s designs. The latter gives a complete char-
acterization of the existence of designs with constant fold angles
between cylinders and cones.

Wunderlich [[11} 12} [13} [14] gives a geometric description of
pseudo geodesics, i.e., surface curves whose osculating planes
enclose a constant angle with the surface tangent plane, on cylin-
ders and cones. His work thus gives insight into creases of con-
stant angle where at least one surface is a cylinder or a cone.
Another approach is pursued by Roschel [15 [16], where a geo-
metric characterization of creases between pairs of cylinders and
pairs of cones is obtained. More applied studies on creases into
cylinders were done in the context of shoulders in packaging ma-
chines by Boersma and Molenaar [17].

As curved creases have various applications, there have been
different computational approaches. Solomon et al. [18] intro-
duce an optimization setting to enforce exact developability of
discretized surfaces. Ghassaei’s online available tool “Origami
Simulator”, see [19], can compute discretized shapes with curved
creases online. Rigid foldable stuctures with one degree of free-
dom based on discretized folds along space curves are discussed
by Tachi [20, 21]. Moreover, Mitani’s tools for a restricted, but
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Figure 2: The basic types of developable surfaces: cylinder, cone and envelope
of tangents of a space curves.

still intriguing, class of column-shaped origami designs obtained
by discretized planar reflections are described in [22} 23] .

Smooth approaches were pursued by Kilian et al. [24] where
they propose an algorithm that approximates a given target sur-
face with developable patches connected along curved creases. A
tool that is based on optimization of quadratic functions for the
interactive design of developable surfaces with curved creases
was introduced by Tang et al. [25]]. In addition, Rabinovich et
al. [26] present an algorithm for modelling developable surfaces
and Kirigami with discrete geodesic nets. Another perspective on
curved folds is given by Kilian [27], where an algorithm for the
computation of string mechanisms that actuate a desired folding
motion is presented.

We would also like to mention D-Forms, which are three di-
mensional shapes, that are obtained by gluing two planar patches
of equal perimeter along their boundaries. They were introduced
by Wills [28]] and formalized by Pottmann and Wallner [29]. The
existence of D-Forms obtained by planar patches with convex
smooth boundaries was proven by Demaine et al. [30]. Recall,
although their generation is manually feasible, the mathematical
description of such shapes is very challenging. However, an ex-
ample is given by Stachel [31]].

3. Notation

It is well known that developable surfaces i.e., surfaces that
are isometric to the plane, are composed by cylinders, cones and
tangent surfaces.

As those are ruled surfaces with the property that the tangent
plane is constant along each ruling, we will parametrize these
surface patches with a (possibly degenerated) curve c(s), a nor-
malized direction vector d(s) and a ruling length function I(s) by

I['(s,t) =c(s)+td(s) with se€[sg,s1] and t€[0,I(s)].

We can make the following assumptions: In case of a cylinder,
d = const and we assume c to be a profile curve, i.e., being
contained in a plane orthogonal to d. In case of a cone, we denote
the vertex of the cone by ¢ and in case of a tangent developable,
¢ denotes the curve of regression and d = ﬁ, where the prime
denotes the derivative w.r.t. the parameter s. Furthermore, we
refer to the second boundary of the surface patch which is not a
ruling by b(s) = c(s) + I(s)d(s).

Given such a developable surface, it is straightforward how to
unroll it to the plane, see e.g., [29]. We will indicate the corre-

sponding developments with bars, i.e.,
[(s,1) = &(s) + td(s) with s€[sg,s,] and 7€ [0, (s)].

Furthermore, we denote the x, y and z-coordinates by a subscript,
€.8., ¢ = (Cx, ¢y, Cy).

4. Isometric Deformations of Developable Surfaces

In this section, we propose a construction of a developable
surface which is isometric to a given planar surface patch. Given
information about the intended ruling structure, we guide a de-
formation process by keeping one boundary curve planar.

4.1. Cylinders

Let T be a planar cylindrical patch (i.e., d = const) where
the profile curve ¢ is parametrized by arc length. We determine
the parametrization of a profile curve ¢ of a cylinder I which is
isometric to I by elevating its normalized ruling direction d while
keeping its boundary b in the xy-plane:

Let us w.l.o.g. assume that the ruling direction is given by

d = (cos ¢, 0, sin ¢).
From the planarity of b we conclude
0=b,=c;,+ld, = ¢, =-Ising.

As cis contained in a plane perpendicular to d,

k=d-c=cycos¢+c;sing,

is a constant which determines the distance of the plane from the
origin. We therefore obtain

@=1¢@+mﬁ@.

Cos

Finally, we ensure the isometry by |c¢’| = |¢'| = 1, i.e.,

¢, = \/1 —c2-c?= \/1 — I tan? ¢.



The square root is real if

1
tan’ o< —

Z for all s € [sg, 511,

and therefore if

|#| < Pmax = arctan min _ —.
selso.s1] 12

For ¢nax > 0, the elevation angle ¢ parametrizes a family of
patches that are isometric to the given development.

4.2. Cones
Let I be a planar conical patch (i.e. ¢ = const) where the
ruling directions are parametrized by arc length, i.e., |d'| = 1.

We determine a family of cones I" isometric to I by elevating its
vertex ¢ while keeping its boundary b in the xy-plane.
Let us w.l.o.g. assume that the vertex is given by ¢ = (0,0, h)
and the ruling direction by
d(s) = (cos ¢(s) cos 0(s), cos ¢(s) sin O(s), sin #(5)) .

The curve b lies in the xy-plane if
O0=b,=h+lIsing = ¢= —arcsin?.
As isometry preserves arc length, we conclude
1=|dP=|d* = ¢ +6%cos ¢,
and therefore

o - \/1 —¢? ~ \/lrzhz -2 -m)2
Y 12— h? '

The square root is real if |h| < hyax, Where

12
Bpax = mMin ———,
max S€[s50,81] \1112 +12

and thus feasible values for / parametrize a one-parameter family
of cones that are isometric to a given development.

4.3. Tangent developables

Finally, let T be a planar patch of a tangent developable where
the curve of regression is parametrized by arc length. We denote
the curvature of ¢ by k. As before, we determine a tangent de-
velopable I isometric to T' by keeping b planar and elevating the
regression curve c.

Again, we require that the z-coordinate of b vanishes, i.e.,

" Ly

Os=b=c,+lc, = c,=he Wi =pL, (1)

where h = c,(sp). As parametrization and curvature of ¢ must be
preserved, we conclude

'l = (Je2+c+c2 =1, )
I’ = [+ e+ = Ikl 3)
y

and

We extract ¢} from Equation (2) and obtain by derivation

YN ’ I
CyCy + C,C; 1
cC, = - = ——,

0 0
c.cl +cc ) “)
1 _ 012 _ 0'2 Cy
X z

Rewriting Equations (3) and (@) yields

: (
o /NN ’ 2 /2 //2
¢ = cele! + ¢ kP =c?) - ¢ )
x —1+C;2 x“z%z y z z )
— 201 — ~12) — 172
o AfK3(1 P —cl ),

i.e., a linear system of differential equations of first order for ¢/
and c;’, namely,

1 (
1’ (NN
= e
R A

’’

= als), + b(s)c;,,

7 ’ ’
¢y = =b(s)c, + a(s)cy.

The solutions for initial values ¢}(s0) = xo and c}(so) = yo, cor-
responding to the rotational position of the curve, read

= ¢*(xy cos B(s) + yo sin B(s)),

’

X
’
y

= @ (—xg sin B(s) + yo cos B(s)),

where
A(s) = fs a(o)doc and B(s) = ff b(o)do.

The square root appearing in B(s), or b(s) resp., is real-valued, as

long as
72 2 7”2
"<k (1 —c] )

Inserting Equation (I)) implies
L2 , L2
(1 + I K < K2(1 - 1_2h2)'

Finally, this yields an upper bound for |A| < hy.x, namely,

. kLI
mn —,
SE€[50,81] /K212 + (1 + l/)2

as we then just need to integrate ¢} and cj, whose initial values
correspond to the location of the curve.

Ninax =

Interpretation. We can visualize the deforming process as a
smooth, isometric elevation of the developable surface from its
planar configuration. In case of a cylinder, we also give the max-
imal elevation angle for the ruling direction, in case of a cone the
maximal height of the vertex and in case of a tangent developable
the maximal height of the initial point of the striction curve. Ex-
ceeding those values would “break” the surfaces.

Remark. The method shown above can be adapted for other
types of input data, e.g., ¢ being not arc length parametrized or
not a profile curve, vertex or curve of regression. For simplicity,
we aimed to show our approach only for these adapted cases.
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Figure 3: The basic types of developable surfaces folded into cylinders.
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Figure 4: The basic types of developable surfaces folded into cones.

5. Creases into Cylinders and Cones

Comparing lengths, and not curvatures, our method deter-
mines the crease curves that fold a given developable surface into
cylinders and cones with prescribed ruling directions and vertices
in space and development.

In the following, we consider two developable surfaces I'4 and
I'p and indicate their quantities with a corresponding subscript.

We make the ansatz that the fold curve f on a first surface I'y
is parametrized by

f(8) = ca(s) + 14($)da(s),

where [4(s) is an unknown length function. Here, ¢4 can be any
and not necessarily arc length parametrized curve on I'4 and d4
the corresponding ruling directions. Again, let ¢4 and dy denote
their developments with |¢/,| = || and |dal = |d4|. We assume
the corresponding development to be given by

F(s) = Ea(s) + La(5)da(s).

5.1. Folds into cylinders

Let the second surface be a cylinder ' which is given by its
ruling direction d and its developed directions dg. We make the
assumption, that its profile curve cp(s) can be derived by another
unknown function /z(s) from

cp(s) = f(s) +Ig(s)dg and Tp = f(s) + Ig(s)dp.

We fix the two planes containing cp and ¢ resp. by two scalars
k and k and derive the unknown functions /4 and /p from the
resulting planarity constraints

k:ZCB'dB and ]_CZZZ'B'C?B.
Solving yields for x = d4 - dg — ds - dg # 0,
1 _

(k=K —ca-dy+25-dy). )

I4

” §<(k_CA.dB)a?A'JB_(];_EA.CJB)dA-dB). (6)

Examples are shown in Fig. 3]

5.2. Folds into cones
Let the second surface I'p be a cone with vertex cp and its
developed counterpart ¢g. Then the isometry condition

f = sl =1f - esl
yields the lengths

1 64 — ¢sl* = lca — c?

)

Iy == —.
2(ca—cp)-dy—(Ca—Cp)-da

Examples are shown in Fig. ]

Remarks. Our method avoids computing the Frenet frames of
the crease curves as it just uses information about lengths. It can
also be utilized to compute multiple consecutive folds into either
cylinders or cones by prescribing their ruling direction or apexes.

However, the obtained surfaces may exhibit self-intersections.
Furthermore, we may obtain infinite lengths /4 if the input data
is chosen “unnaturally”, e.g., if the second cones apex lies on
one of the first cones rulings and the crease passes trough their
midpoint.

Unfortunately, this method may not be applicable for folds into
tangent developables as we would have to consider the second
curve’s parametrization.



(a) Generalization of the folded Vesica Piscis shape.

(b) Huffman’s reflected cones.
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(c) Examples of closed states of Huffman’s design of a fold between two cones of constant angle using elliptical crease curves.

Figure 5: Illustrations of examples in Section@

6. Applications and Examples

6.1. Vesica Piscis like shapes

The folded Vesica Piscis was obtained by parametrizing one
half of the development as a cone with vertex in the center of
the patch. Then, the cone was determined by elevating the ver-
tex of the given surface patch, while keeping its boundary in the
xy-plane. Finally, the obtained cone was folded into a cylinder
with z-parallel rulings and reflected on the xy-plane. This pro-
cedure can be easily generalized to more complicated symmetric
patches, see Fig.[5(a)]for an example.

6.2. Parametrization of Huffman’s reflected cones

We can use the computations above to determine the
parametrization of the folds of cones of revolution into cones,
whose developed vertices coincide. It is well known that this
results in a planar crease curves with reflecting rule lines and a
parametrization of the crease curve can be obtained by referring
to standard literature on geometry about conical sections. Never-
theless, we would like to illustrate the simplicity of our tools on
this example and hereby offer another point of view, see Fig.[5(b)}

Let us start with a cone of revolution I'y with vertex ¢4 =
(0,0, sin 8) where 6 denotes the opening angle, i.e.,

da(s) = (cos@cos L,cosesin il ,sin@).
cosf cos @

Its development is given by
¢4 =(0,0) and ds(s) = (cos s,sin s).

We compute the fold of I'4 into I'g, whose developed vertex co-
incides with the origin, ¢z = (0,0). We ensure that the crease
curve passes through c4 + d4(0) by parametrizing the location of
cp with

cg = (c0s6,0,0) + (cos B, 0, sinB).

Inserting into Equation (7) yields the length function of the
crease curve,

1+ cosfBcos@ + sinBsiné

= cos 0 (cos B+ cos §) +sinf (sinf + sin6)”

Iy =
cos

Computing
f-(cg—ca) =cosf(cosB+cosb),

shows that the crease curve lies in the bisecting plane of ¢4 and
cp and thus the second cone I'p is also a cone of revolution since
the rulings are reflected. This method can be used for successive
creases as well.

6.3. Huffman’s folded ellipses

It is shown in [1Q] that scaled ellipses sharing a common focal
point fold with reflecting rulings that converge to the correspond-
ing focal points. The reflecting ruling property yields a fold of
constant angle between two cones. Those curves are character-
ized those curves as geodesics on rotational ellipsoids whose fo-
cal points correspond to the apexes of the cones, see [[11]].

We work on obtaining explicit parametrizations of geodesics
on rotational ellipsoids from our formulas to show that there are
fold angles, at which the obtained shape closes (disregarding self

intersections), see Fig.

6.4. Columns and tessellations

The above developed formulas can be used for the design of
different types of curved crease origami shapes. For example, by
consecutively folding surfaces into cylinders at suitable angles,
column-like shapes can be obtained. Design inspirations can be
found in [23]]. However, we are not restricted to the rulings being
perpendicular to the axis of rotation. Moreover, one can design
segments and arrange them to tessellations. We give two exam-
ples in which we tessellate a cylinder and a plane.



Figure 6: Folded stars with n = 5 and n = 10.

6.4.1. Star Columns

We illustrate the convenience of mathematical curved crease
origami design by the following example. We fold a right circular
cone into two cylinders at suitable angles such that the resulting
shape has a star shaped opening in its center, see Fig. [6]

We start by arranging n > 3 cones of revolution around the
origin, i.e., ¢4 = (0,0,0). One representative’s ruling directions
are given by

. s . s
dy = (sm@, cos 0 cos ,cos 6sin —),
0 cosf

Z cos 0]. Furthermore, we fix

—r_=x _z z
where § = 5 — % and s € [-5 cos 6, 3

its development
¢a=(0,0) and dj = (coss,sins).
Firstly, we fold this cone into a cylinder with
dp, =(0,-1,0) and dp, = (-1,0).

We set the initial point of the crease curve f;(0) at d4(0) by set-
ting the profile curve to be in the plane y = 0, thus

ki1 =0,
k= (JA(O) +cos @ JBI) -dp, = —1+cos#.
The lengths in Equation (5) therefore simplify to
-1 +sin?

lAl = s
— COS § + COS

. T
and Ip, =cos —sin—ly,.

inZx
sin % sin n

Secondly, we fold the cone into a cylinder with

dp, = (sin E,cos 7—T,0) and dg, = (1,0).
n n

As we would like the xy-projected outer rulings of the second
cylinder to pass trough the tip of the star, we introduce a new
parameter k, as the starting point of the crease, i.e.,

0
ks = kuds(0) - d, = ke cos 2
n

ky = kyda(0) - dp, = k,.
The lengths then simplify to
kx

cos s +cos Zsin Z(1 — cos =5)’

ks
sin n

la,

lp, = cos TsinZ (1 - cos _S”)IAZ.
n o n nZ

The outer rulings of the cylinder are aligned with the tips if the
x or y coordinates of f(so) + Ip,(s0)dp, and cp, (0) are the same.
Solving for k, yields

cos (’5' sin E)
—_\e

k, = +tanz>1 for n=3,4,...
n

cos? X
n

6.4.2. Tessellating a cylinder of revolution

The aim of this example is to tessellate two cylinders of revo-
lution with curved creases. We fold the outer cylinder, which is
w.l.o.g. of radius 1, into a cone with its vertex lying on the axis of
the cylinder. Then the second crease curve is obtained by scaling
the first crease onto the inner cylinder. It is convenient to restrict
the parameter to s € [—ﬁ, ;—’] for n > 3. Then, by reflection w.r.t.
a xy-parallel plane, we obtain one inner lens-shaped segment of
the tessellation, which can then be used to row-wise cover the



Figure 7: Example of a tessellation between two cylinders of revolution.

Figure 8: Example of a generalization of Huffman’s tessellation of the plane.

cylinders. However, this design leaves a rhombic piece of paper
between the lens vertices unused. There are many options how
to treat those parts. We decided to fill the remaining space with
a vertical lens obtained by folding a hyperbolic cylinder into a
cone. However, as the rhombi become very narrow it would be
also convenient to cut them out.

6.4.3. Generalizing Huffiman’s lens tessellation

We can also use the above discussed methods for “general-
ized” lens tessellations. Our approach differs from the compu-
tations in [9]], where a crease ruling pattern without inflection
points is folded into a kite. We, on the other hand, firstly estab-
lish the shape of one cone with developed opening angle 7 that
is then folded into a cylinder and, by reflection, folded back into
a cone. Although our approach can also design crease curves
with inflection points, we cannot guarantee the absence of self
intersections. By reflecting and translating this segment, a planar
tessellation can be obtained.

The example in Fig. [§] was obtained by sliding a cone with
ruling lengths /(s) = 2 + 0.15 cos (8s) to h = 0.6/, and folding
it into a cylinder with rulings of an angle of inclination of ¢ =
—0.437 and suitable cutting.

7. Discussion

We have proposed two new concepts. Firstly, we investi-
gated smoothly deformed developable surfaces in a mathemati-
cally rigorous way by sliding surface patches isometrically while
keeping one boundary curve planar. The benefit is the explicit
smooth description of the obtained surfaces and their develop-
ments. Our method differs from other interactive methods as they
either discretize the surfaces or optimize for developability and
isometry to a given patch and are thus just approximations. Sec-
ondly, we give simple formulas for the parametrization of crease
curves of all types of developable surfaces into cylinders and
cones. It is therefore possible to compute the crease curve by
specifying a ruling direction or vertex in space and development.
The advantage of this type of computational approach is among
others the trivial control of the striction curve of the developable
surface, which is one of the issues encountered in optimization
based methods. As far as we know, this might be the first mathe-
matically explicit technique to interactively treat multiple crease
curves.

7.1. Limitations

Although our method is explicit and thus not burdened with
computational issues, we unfortunately cannot prevent self-
intersecting surfaces and crease curves escaping to infinity. How-
ever, we can use these computations to gain more insights into
the behaviour of creased paper and for reasonably chosen input
this method gives exact smooth representations of surfaces.

7.2. Future Work

We are interested in a better understanding of the behaviour
of curved folds of developable surfaces, in particular the exis-
tence of curved crease Origami shapes. The next logical step is
the investigation of folds into tangent surfaces within this frame-
work. Furthermore, we would also like to explore possible ap-
plications to other disciplines, where exact developability and
curved creases are necessary.
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