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Abstract: Planar curved creases represent an important family of creases and
offer significant potential for application in interactive design tools. Once a folded
state is constructed, the question arises: Does a folding motion exist, maintaining
the same ruling layout, that connects the flat state to the folded state? This is
referred to as a rigid-ruling folding motion.

In this paper, we characterize combinations of planar curves that allow a rigid-
ruling folding motion and illustrate our theoretical findings with examples.

1 Introduction

Deployable structures transition from compact to expanded forms, mirroring na-
ture’s mechanisms like insect wings and flower petals. Their efficiency and func-
tionality are used in applications such as in space engineering, medical surgical
items, and everyday items like umbrellas. With advancements in computational
technology, the study of deployable structures has become a dynamic area of re-
search. However, despite the increasing potential of computational methods, ana-
lyzing and designing these systems remains a complex task.

Inspired by architectural applications, recent work has also considered semi-
discrete structures, which are composed of strips of developable surfaces [Liu
et al. 06]. Such surfaces can be flattened into the plane without stretching or tear-
ing and are known to carry a family of lines, the so-called rulings. When con-
sidering the bending of such developable surfaces, each ruling acts as a hinge. In
the literature, such a motion for an individual developable strip is called a rigid-
ruling folding motion [Demaine et al. 15, Mundilova 23] or isometric deforma-
tion [Nawratil 23].

A particularly interesting special case of semi-discrete structures made from
developable strips is curved-crease folding, where the strips fit together in their de-
veloped state and can thus be created by creasing flat material along curves. Due
to their aesthetic appeal and straightforward fabrication, curved-crease origami has
found many artistic explorations such as in the works of David Huffman [Demaine
et al. 11, Koschitz 14]. Previous work demonstrates that combinations of tangent-
parallel curves, that is, curves whose tangents at points connected by a ruling are
parallel, allow a rigid-ruling folding motion [Tachi 11, Mundilova 23]. Another



MUNDILOVA, NAWRATIL

.

W\

Figure 1: Construction of planar curved creases by splitting the surface with a
plane and reflecting one part onto the other side.

family of creases that allow a rigid-ruling folding motion was highlighted by [De-
maine et al. 18] in their analysis of combinations of constant fold-angle creases
between cylinders and cones.

Beyond constant fold-angle creases, planar creases represent another significant
category. Given a developable surface, planar creases can be easily created by
splitting the surface with an appropriate plane into two connected subpatches and
then mirroring one of the subpatches onto the plane, as illustrated in Figure 1. Due
to this simple construction, this method offers numerous possibilities for use in
interactive design tools [Mitani and Igarashi 11, Mitani 12, Mundilova et al. 23].

In this paper, we explore combinations of planar creases that allow a rigid-
ruling folding motion, which can be reduced’ to analyzing isometric deformations
of cones and cylinders that maintain the planarity of two curves. The discrete
case has been recently completely characterized by [Nawratil 23]. Additionally,
Nawratil provides an analysis of the smooth cylindrical case, though his investiga-
tion into cones remains incomplete.

Our contribution finalizes the discussion of the conical case by showing that the
only compatible curves are tangent-parallel; i.e. located in parallel planes. Conse-
quently, this also provides a complete classification of planar creases compatible
with rigid-ruling folding motions.

The structure of this paper is organized as follows: Section 2 reviews the the-
oretical background and essential definitions. Section 3 examines isometric defor-
mations of developable surfaces, specifically focusing on the case where the pla-
narity of a specific curve is preserved. Section 4 introduces the main result of this
paper concerning the compatibility of planar curves under isometric deformations.
The paper concludes by applying the theory to origami shapes and analyzing the
feasibility of rigid-ruling folding motions in Section 5. Finally, it should be noted
that all proofs are given in the appendix in order to streamline the paper.

2 Notation and Properties of Developable Surfaces

In this section, we establish the foundation of our analysis of developable surfaces,
which we parametrize as ruled surfaces while imposing an additional constraint

! According to [Sauer 70] the deformation of tangent developable surfaces can be reduced to cones.
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Figure 2: [llustration of the notation introduced in Section 2.

to ensure developability. We follow the notation used by [Mundilova 23], which
builds upon works of [Demaine et al. 15, Demaine et al. 18].

2.1 Ruled Surfaces

In the following, we parametrize a ruled surface as
S(t,u) =X(t) +uR(t), (1)

where X(¢) : T — R? is a curve, the directrix, and R(¢) : T — S? are unit-length
vectors, the so-called ruling directions. Without loss of generality, we assume
T = [0,tmax], for some fmax > 0, and u € R. Additionally, for the surface to be
C?, we require both X(z) and R(¢) to be C2.

We assume that the curve is equipped with an orthonormal frame and we de-
scribe the location of the ruling vectors with respect to this frame. To ensure that
the curve’s frame is continuous, we define the curve X(7) through three functions:
K(t): T =R, 1(¢t): T = R, and s(¢) : T — R which define X(#) up to Euclidean
motion through the Frenet-Serret formulas, that is, X'(r) = s'(¢)T(¢), where

T (1) 0 K(t) 0 T(¢)
N@) | =s@)| Kt 0 ()| | N@t) . )
B'(1) 0 —7(t) O B(t)

Here we require that the K(¢), 7(r), and s'(¢) are continuous, and s () > 0.

Note that we allow K (7) to take negative values. Moreover, isolated points or in-
tervals where K () = 0 or 7(z) = 0 still yield a continuous frame (T(7),N(z),B(¢)).
The described frame is not a Frenet-frame. However, at parameter values where
the Frenet-frame is defined, the computed frame coincides with the Frenet-frame,
differing only by sign. Moreover, K (¢) corresponds to the curvature of the directrix
up to sign, while 7(¢) is the torsion of the directrix when defined. In the following,
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we refer to K(t) as the (signed) curvature and to t(t) as the forsion. Furthermore,
s(t) denotes the arc-length of the directrix, and s'(¢) represents the parametrization
speed.

To determine the ruling directions with respect to the frame (T(z),N(z),B(z)),
we introduce two additional angular functions: the inclination angle ¢(t) : T — R
and the ruling angle 6(t) : T — R; see Figure 2.

The inclination angle @(¢) encodes the angle between a one-parameter family
of planes II(r), which contain the curve’s tangent vectors T(r). Those planes will
correspond to the tangent planes if the ruled surface is developable. We express the
normal vector P(¢) of I1(¢) as

P(r) = cos@(t) B(r) +sin(¢) N(¢), 3)

resulting in ¢(¢) being the signed angle between P(z) and B(z).
Within the plane I1(z), we locate the ruling direction using the ruling angle as

R(7) =cos6(r) T(¢) +sin6(r) (P(r) x T(z))
=cosO(¢) T(¢)+sinO(z) (cos p(z) N(t) —sin(¢) B(z)). (€))

For the ruling direction to be C2, we require both 8(¢) and ¢(¢) to be C2. Note that
for the subsequent computations, C' would be sufficient. However, to use known
properties of smooth developable surfaces we make this stronger smoothness as-
sumption.

2.2 Developable Surfaces

It is known that the ruled surface in Equation (1) is developable if for all rulings,
the tangent planes along points on a ruling are the same [Pottmann and Wallner 10].
This condition can be expressed as

det (X'(t),R(1),R'()) = 0. )

Using Equation (2) and Equation (4) for ruled surfaces with planar directrices, this
condition simplifies to

=1(t)+ K(¢)sin@(t) cot 6(r); (6)

see [Mundilova 23] for more details.

Given a developable surface S(¢,u), we will parametrize its flattened configura-
tion, the development, by s(t,u) = x(t) + ur(t), where x(¢) : T — R? represents the
2D counterpart of the directrix X(¢), and r(¢) : T — S' the unit-length 2D ruling
direction; see Figure 2.

To obtain the developed directrix x(¢), we consider the geodesic curvature of
X(¢) as a curve on S(¢,u), that is, the curvature of the projection of X(¢) on I1(z) at
parameter ¢,

k(t) = K(t) cos @(1). (7
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Figure 3: Developable patch with
tangent-parallel curves X,(t) (gray)
of the directrix X(t) (purple) and
curve of regression X,(t) (red).

We obtain x(7) by determining the 2D curve with signed curvature k(¢) and parame-
trization speed s(r). This amounts in solving the system of differential equations
X (t) = 5’ (¢)t(¢), where

(;((;))) =50 (1?(:) kg)) (ﬁ%) ®)

As isometry preserves angles on surfaces, particularly the oriented angle between
T(¢) and R(¢) or P(z) x T(¢), the developed ruling directions read

r(r) =cosO(r) t(r) +sinO(¢) n(z).

Conversely, when a parametrization of s(z,u) = x(¢) + ur(¢) is given, the char-
acterizing quantities s'(¢), k(¢), and 6(¢) can be obtained as follows: First, set

s'(t) = |x/(t)|, and define t;(¢) = Wlwxﬁ(t) and n;(z) = mtf(t) This implies the
curvature k;(¢) = ﬁtﬁ(t) -n;(t) and the ruling directions 6;(¢) = arccos (r(t) - t;(¢)).

1
7
S; t

2.3 Tangent-parallel Curves

A special class of curves on a developable patch with a specified curve X(¢) are
curves whose tangents are parallel at points connected by a ruling, as shown in
Figure 3. Such curves essentially copy the kinematic behaviour, and thus they find
application in the construction of general rigidly foldable structures, such as [Tachi
and Epps 11, Jiang et al. 20, Mundilova 23].

In particular, as the tangents are parallel in 2D, the orthonormal frames are the
same. It follows that

s (ki (1) =t (1) -m (1) = (1) -ma (1) = 55 )k (7).

Similarly, in 3D, the fact that the orthonormal frames have identical tangent di-
rections implies that their first derivatives, the normals, are identical. Hence, the
frames of tangent-parallel curves coincide resulting in

s (0K (1) =Ty (1) -Ni (1) = T5(t) - Na(t) = s5(1) K2 (1).

Additionally, ¢;(t) = @2(t), and 6;(r) = 6,(¢). Particularly, if X;(¢) is planar, and
X, (¢) is tangent-parallel to X (¢), it follows that X;(¢) is planar too.
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2.4 Ruling Curvature

In subsequent sections, we will consider isometric deformations S(z,u) of a spec-
ified planar developable patch s(¢,u). To show that two such deformations are
identical, we calculate the curvature that indicates the surface’s bend perpendicular
to the rulings, following the methodology of [Demaine et al. 15,Demaine et al. 18].
This ruling curvature is the normal curvature at a given point on an arc-length
parametrized curve perpendicular to the rulings at parameter 7, expressed as:

1
SUION

V() =s'()K(t)sing(t) ©

The ruling curvatures V) (¢) and V»(¢) of two isometric deformations S (¢,u)
and Sy (7, u) of the same developed patch with specified rulings are identical, if and
only if the deformations are the same (up to Euclidean motion).

3 Isometric Deformations of Developable Surfaces

We now proceed to study configurations of a developable surface with prescribed
rulings. Specifically, we examine parametrizations that preserve point-to-point cor-
respondence between the flat and bend states, also known as isometric deforma-
tions. Recall that two surface parametrizations are considered to be isometric if
their first fundamental forms are identical.

First, we will show a useful connection between isometric deformations of tan-
gent developables and cones that share the same ruling directions, which we will
refer to as ruling cones. Then, we will explore analytic computation of isometric
deformations that preserve the planarity of a single curve.

3.1 Linking Isometric Deformations of Tangent Developables and Cones

Given a developable surface, we define its ruling cone as the cone with its apex
located at the origin and with parallel rulings. In what follows, we demonstrate that
for any given curve on a tangent developable patch, we can find a corresponding
curve on its ruling cone such that, in all possible configurations of the surface and
its associated ruling cone, the corresponding tangents of the curves are parallel.
This extends the results presented by [Sauer 70], who explored the relationship
between planar curves on configurations of surfaces and their ruling cones. While
we mention this generalization, in the proof of the main result in Theorem 1 we
will only use the results on planar curves. The proofs of the lemmata presented in
this section are provided in Appendix A.

In the following, we consider the parametrization of a planar tangent devel-
opable surface, that is, s.(t,u) = ¢(z) + ur(¢), where c(¢) is the surface’s edge of
regression, that is, ¢/(z) and r(¢) are parallel. Additionally, let sa (z,u) = ur(z) be a
parametrization of its ruling cone. First, we show:

Lemma 1. Up fo Euclidean motion, every isometric deformation of s.(t,u) corre-
sponds to exactly one isometric deformation of s (t,u) and a C° function s..(t) > 0.
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R(1) C()
R(7)
Sa(t,u) ‘ S(,u)
(a) Planar surface s(t,u) (right) and its rul- (b) Corresponding surfaces S(t,u) (right)
ing cone s (t,u) (left) with curves with par- and ruling cone Sa(t,u) (left) and curves
allel tangents. with parallel tangents.

Figure 4: Illustration of the notation and concepts presented in Section 3.1.

Next, we examine a pair of curves on s.(f,u) and sa (¢,u) that have parallel
tangents. Specifically, the curve x.(¢) = ¢(¢) +(t)r(¢) on s.(¢,u) and the curve
XA (1) = Ia(t)r(t) on sa (7,u) have parallel tangents, if the length functions /() and
IA(t) satisfy [x[.(r) x X5 (t))| = 0. This constraint simplifies to

I\ (t / / s+ (D) -
A1) st +1() . I (1) = 1(0) Mo T 2 (10)

Lemma 2. In each pair of isometric deformations, S.(t,u) = C(t) + uR(z) and
SA(t,u) = uR(t), corresponding to s.(t,u) and sp(t,u) respectively, the tangents
of the curves X (t) = C(t) +1(t)R(¢) and X (t) = In(t)R(2) are parallel.

3.2 Isometric Deformations that Preserve the Planarity of One Curve

Without limitations, a developable patch possesses an infinite number of degrees of
freedom, leading to numerous possible configurations. However, by constraining
one curve to be planar, we demonstrate that there exists only a one-parameter fam-
ily of configurations, as illustrated in Figure 5. Generally, constraining two curves
to be planar is over-constraining and can only be satisfied in special cases. The
main result of this paper, presented in the next section, classifies combinations of
curves that maintain planarity under isometric deformations.

Let s(f,u) = x(¢) + ur(t) represent a planar developable surface. Denote the
parametrization speed of x(¢) as s’(¢), its curvature as k(¢), and the ruling angles as
0(7). In the following, we focus only on the case where the tangents of x(¢) are not
parallel to the incident ruling direction, that is, x(¢) does not contain a point of the
edge of regression. Specifically, we restrict 8(¢) € (0, 7).

We demonstrate that, given a suitable initial value, there exists a unique con-
figuration S(z,u) = X(¢) + uR(¢) of s(¢,u), up to Euclidean motion, that preserves
the planarity of X(¢). In the following, we will show how to compute the curvature
K(t) of X(¢) and the inclination angles @(¢) of S(¢,u). As the curve X(7) is planar,
its torsion 7(¢) = 0.

For the 3D configuration to be isometric to s(z,u), we require it to be devel-
opable, satisfying Equation (6). Consequently, when ¢(0) = ¢, the inclination
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(a) Full motion of a generic example. The isometric deformation is limited by the configuration
in which the first tangent plane becomes perpendicular to the base plane.

. £ it

(b) Example with perpendicular rulings (O(t) = %) In this case, the isometric deformation
can reach a fully “rolled-up” configuration corresponding to ¢(t) = :t%.

« Q ¥ Q@ Qe

(¢) Example with a straight directrix (k(t) = 0). In this case, the geometry varies only by the
angle between the planar strip and the base plane.

Figure 5: [llustration of isometric deformation that preserve the planarity of the
one boundary curve.

angle reads
t
¢(t) = arcsin (ce'(’)) where  I(t) = / s' ()k(F) cot O(7) df, (11)
0

where ¢ = sin@y. Note that for the solution to be real-valued for all t € T, we
require that
le| = [sin@o| < mine ™) = cppay,
teT

where cpmax 1S the absolute value of the sine of the maximal initial inclination angle.
Note that this value depends on the interplay between the curve and the ruling
direction and can be intuitively interpreted as the value where a tangent plane of
the patch becomes perpendicular to the base plane; see Figure Sa.

Upon successful computation of ¢(¢), the curvature follows from Equation (7)
as K(t) = k(t)/cos ¢(z). Finally, the curve X(¢) and the ruling directions R(¢) fol-
low from Equation (2) and Equation (4), respectively. Note that two configurations
that differ only by the sign of ¢ are related by a reflection on the base plane of X(t).
We conclude:

Corollary 1. Let s(t,u) = x(t) + ur(¢) be the planar developable surface with pre-
scribed rulings. For all ¢ with |c| € [0, cmax], up to Euclidean motion, there exists
a unique isometric deformation S(t,u) = X(t) + uR(t) of s(t,u) such that X(t) is
planar.
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Special cases. Usually, cpax < 1 and the isometric deformation exist only for
values close to zero. There are, however, two special cases, where the full motion
is possible, that is cpax = 1:

* If 6(r) = 7, the rulings are perpendicular to the tangents of the directrix. For
¢ = cmax = 1, we have K(t) = oo, corresponding to a completely “rolled up”
configuration; see Figure 5b.

» Ifk(t) =0forallz € T, the curve is a straight line. In this case, the curve remains
straight during isometric deformation since K(¢) = 0. Note that in this case, the
surface does not bend and only its position with respect to the base plane changes;
see Figure 5c.

4 Main Result

Next, we provide a characterization of curves that remain planar during isometric
deformations of developable patches.

Theorem 1. Consider a planar developable patch with prescribed rulings defined
bys(t,u) =x1(t)+ur(t) witht € T and u € R, where the continuous curvature ky (t)
of X1 (t) vanishes only at isolated values of t. Let ci max < 1 be the absolute value
of the sine of the maximal initial inclination angle of an isometric deformation
S(z,u) =X (t) + uR(¢) of s(t,u) that preserves the planarity of X, (t).

For a curvature-continuous curve X, (t) that remains planar during all isometric
deformations of s(t,u) preserving the planarity of X (t) with ci < ¢ max, holds:

* If |[R'(#)| =0 for all t € T, the normals of the base planes of X, (t) and Xa(t),
and the constant ruling direction R(t) are coplanar.

* Otherwise, the curve X,(t) is a tangent-parallel curve of X ().

Proof overview. On a higher level, in the proof presented in Appendix B, we con-
sider two parametrizations of the developed configuration: s;(f,u) = x(¢) + ur(z)
and sy (¢,u) = xa(t) + ur(t), where x; (¢) and x,(¢) coincide with the same ruling at
parameter z. For both parametrizations, we compute their isometric deformations
Si(t,u) = X;(t) + uR(z) that preserve the planarity of their respective curves X;(z).
The overall objective of the proof is to characterize the cases in which the ruling
curvatures V;(¢) of S;(¢,u) are the same, and hence the curves can be positioned on
a common isometric deformation of s(z, u).

This analysis, which is presented in greater detail in the appendix, is conducted
through the following four steps:

 Step I: First, we prepare the notation and establish the necessary constraints for
the quantities associated with the two patches.

* Step 2: Second, we focus on parameter values with non-zero curvature k;(7) of
x) (¢) and analyze the constraints established in Step 1 for cylinders and cones
separately.

 Step 3: For both cylinders and cones, we consider combinations of curves with
isolated parameter values t* with vanishing curvature; i.e. k; (#*) = 0.
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* Step 4: Finally, we apply the results from Section 3.1 to verify the statement for
the remaining case involving general developables.

O

S Applications

Equipped with the characterization of planar curves that remain planar during iso-
metric deformations, we now apply our findings to establish the (non-)existence of
rigid folding motions for some origami shapes using Theorem 1. Additionally, we
highlight the implication of our results in the context of semi-discrete T-hedra.

5.1 Origami-shapes that have a Rigid-ruling Folding Motion

The first example of an origami shape exhibiting a rigid-ruling folding motion is
David Huffman’s wave design, which employs a series of scaled sine curves [Kos-
chitz 14, Figure 4.1.7]; see Figure 6a. Duks Koschitz also reconstructed the rulings
from David Huffman’s notes and conducted initial numerical experiments. Ac-
cording to the theory presented in this paper, this shape is rigid-ruling foldable.
Additionally, since the sine curves remain planar, the profile curves of the folded
cylinders are circular arcs.

Another prominent example of a rigid-ruling foldable shape is one half of Ron
Resch’s design “Yellow Folded Cones: Kissing.” [Koschitz 14, Figure 4.2.17]; see
Figure 6b. Here, a cone with circular base is equipped with two planar creases that
lie in parallel planes.

David Huffman’s “Cone reflection parallel to axis” [Koschitz 14, Figure 4.2.48]
is obtained by folding a right-rotational cone along parallel planes that are addi-
tionally parallel to its axis, resulting in creases that are hyperbolas in the 3D folded
state; see Figure 6¢c. Note that in this case, the crease only locally actuate the
isometric deformation and the shape of the full cone is not defined by the creases.

The last example of a rigid-ruling foldable family of shapes are column-shaped
origami designs with planar creases [Mitani 12], as the curved crease base planes
are coplanar with the rulings of the involved cylinders.

5.2 Origami-shapes that do not have a Rigid-ruling Folding Motion

Next, we turn our attention to two examples of shapes that do not have a rigid-ruling
folding motion.

A prominent example obtained by reflecting cones along non-parallel planes is
David Huffmans design “Cone, reflected seven times” [Koschitz 14, Figure 4.2.40];
see Figure 6d. Here, a right rotational cone is folded along planes that change their
inclination angle with respect to the base of the cone. Similar to before, the folded
crease curves are ellipses, of which every second is a circle. As these crease-curves
are not contained in parallel lines, this shape is not rigid-ruling foldable.

In a recent paper by [Mundilova et al. 23], the authors present two constructions
to generate folded states of spirals using cones with planar creases; see Figure Ge.
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(a) David Huffiman’s design using sine curves (undated) [Koschitz 14].

SH&H O

(b) One half of Ron Resch’s “Yellow Folded Cones: Kissing” (1969-1970) [Resch 23].

A A A

(¢) David Huffiman’s design of a right circular cone reflected along parallel planes that are also
parallel to the cone’s axis.

(d) David Huffman’s design of a right (e) Origami spiral from cones with pla-
circular cylinder reflected seven times. nar creases.

Figure 6: Illustrations of three origami designs with planar creases allowing a
rigid-ruling folding motion.
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In both constructions, the planar creases are not in parallel planes. Consequently,
even when adding a cut to the loop structure, this family of shapes (unless in the
very special case that two creases are never connected by a ruling) is not rigid-
ruling foldable.

5.3 Semi-discrete T-hedra

Let us now consider semi-discrete analogs of a special class of rigid-foldable quad
surfaces called T-hedra (e.g. [Sauer 70]). By the refinement of a quad-strip, which
keeps the planarity of the faces, the quads become the ruling of a developable
strip in the limit [Pottmann et al. 08]. By doing this limiting process for all vertical
strips of a T-hedron, we end up with semi-discrete surfaces composed of cylindrical
surface patches, which are jointed along planar sections in accordance with Theo-
rem 1. In the case of horizontal strips of a T-hedron we end up with semi-discrete
surfaces composed of tangent-developble strips bounded by parallel planar curves,
which also fits with Theorem 1. For more details on these isometric deformable
semi-discrete surfaces including information on their rapid prototyping, we refer
to [Maleczek et al. 22].

Finally, it should be mentioned that Theorem 1 also implies the non-existence
of non-translational semi-discrete zip rows for a T-hedral zipper coupling, which
was one of the open problems stated in [Sharifmoghaddam et al. 23]. For more
details please see the referred paper.

6 Discretizations

Finally, we discuss discretizations that support this rigid-ruling compatibility be-
tween creases, such as the follow-up paper by [Demaine et al. 22] for the case of
compatible constant angle creases presented in [Demaine et al. 18].

First, we consider the circumscribed discretization. In this approach, tangent
planes are sampled, and pairs of adjacent tangent planes are intersected to obtain
the discrete rulings. This method trivially preserves the property that the sampled
tangents are either parallel or, in the case of a cylinder, have uniformly scaled
slopes, making it a discretization that is rigidly foldable.

On the other hand, the inscribed discretization involves sampling the rulings
and connecting them with planes. This method is applicable for cylinders and
cones, as well as for their associated parallel, or in case of a cylinder, scaled crease
curves. However, when sampling general developables, the rulings will not be
coplanar, potentially necessitating a construction from a cone in these instances.

Finally, note that in the discrete case, an additional pair of polylines exists on
some particular cones (caps of Bricard octahedron of the plane-symmetric type)
allowing an isometric deformation that preserves their planarity [Nawratil 23]. This
isolated solution, however, does not arise in the smooth case.
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7 Conclusions and Future Work

Building upon the characterization of rigid-ruling folding compatible constant an-
gle creases by [Demaine et al. 18], we have provided a characterization of rigid-
ruling folding compatible planar creases, illustrated our theoretical findings with
examples, and reviewed possible discretization strategies.

In future work, we plan to investigate other rigid-ruling-compatible crease com-
binations, such as those combining planar and constant angle creases.
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A Proofs of Section 3

Proof of Lemma 1. First, let Sq(¢,u) = C(¢) + uR(#) be an isometric deformation
of s.(¢t,u) and s..(t) = |/ (r)| = |C'(¢r)|. By comparing the first fundamental forms of
the two surfaces, we conclude that |R/(¢)[*> = [/(¢)|*. Consequently, it follows that
the first fundamental forms of S (¢,u) = uR(¢) and s (¢t,u) = ur(t) are identical.
Therefore, the considered cones are isometric.

Conversely, let Sa (¢,u) be an isometric deformation of sa (f,u) and s.(¢) >
0 some C° function. Up to Euclidean motion, we obtain a tangent developable
surface by defining C(r) such that C'(r) = s.(r)R(¢) and setting S.(r,u) = C(z) +
uR(r). To show that s.(f,u) and S.(r,u) are isometric, we again compare their
first fundamental forms. It follows from the comparison of the first fundamental
forms of s (,u) and S (¢,u) that |R'(r)|* = |¢/(1)|*, which implies that the first
fundamental forms of s.(¢,u) and S, (¢, u) are the same. O

Proof of Lemma 2. To prove this claim, we compute
XL(t) = (s.()+1'(@))R(t) + ()R (1) and X\ (1) =I5 (1)R(t) +Ia(6)R'(2).
It follows from Equation (10) (left) that

[Xe (1) x X0 ()] = | ((se(0) + 1) Ia (1) = 1OIA (1)) (R() xR (1)) | =0,

which implies the claim. O

B Proof of Theorem 1 in Section 4

In the following proof, we will use subscripts to denote the quantities corresponding
to the first and second surfaces, and lower and uppercase letters to denote their
development or 3D configuration, respectively. Specifically, we will represent the
common arc lengths of x;(¢) and X;(¢) as s;(¢), the curvatures of x;(¢) as k;(t), and
the ruling angles as 6;(¢). Additionally, the curvatures of X;(¢) will be denoted by
K;(t), with an acknowledgment that their torsions, 7;(z), are zero. The inclination
angles will be represented by ¢;().

B.1 Step 1: Preparation

In the first step of this proof, we establish two constraints that are necessary for a
valid configuration with two planar curves, and present the main idea of the proof.

Constraint 1: Compatibility in 2D. First, we derive a constraint that arises from
the fact that the curves x; (¢) and x;(¢) are located on the same planar surface. For
this purpose, we express the ruling vector in terms of both orthonormal frames
(t;(1),m;(2)) of x,(¢), as

r(r) = cos 6;(¢) t;(¢) + sin 6;(¢) n;(z).
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Using Equation (8), the first derivative of the ruling reads
r'(1) = (sj(t)ki(t) + 6] (1)) (— sin 6;(r) t;(¢) +cos 6;(r) m;(1)).

Since the absolute values of the ruling vector w.r.t. either frame are the same, it
follows that

s (0)ki (1) + 61 (1) = 55(t)ka (1) + 65(¢). (12)

Constraint 2: Compatibility in 3D. To ensure that the resulting isometric defor-
mations correspond to the same 3D surface, we require the ruling curvatures (see
Equation (9)) to be identical, which yields the following relation under considera-
tion of Equation (7),

V](t) = Mtan([)l(l‘) _ mt

sin 0y (1) an@y(r) = Va(1). (13)

When isometrically deforming the developable patches s; (¢,u) and s (¢, %) such
that their directrices remain planar, it follows from Equation (11), that the inclina-
tion angles of the isometric deformations S;(#,u) can be written as

@i(t) = arcsin (Ciel"(t>> for (1) = / k() cot&Dd,  (14)
0

where |cl| < C1,max and c; are appropriate constants.
Using the trigonometric equality tan(arcsin(x)) = x(1 —x?)~2 for the inclina-
tion angles in Equation (14), Equation (13) can be rewritten as

1 (1) L(r) o
F—S —R— 22 with R SR

15)
1= c2e2h() 1— c2e2h(0) sin 6;(1)

Main idea of proof. In the following, our goal is to deduce properties of the
arc-lengths, curvatures, and ruling angles of the patches s;(r,u) satisfying Equa-
tion (12), such that for all ¢; with |¢;| < ¢1.max, We can identify an appropriate
constant ¢»(cy) that satisfies Equation (15) for all 7.

Remark. Note that tangent-parallel curves satisfy Equations (12) and (15) for
c2(c1) = ¢y, as in such cases s (t)k; (1) = s5(t)ka(1), 61(t) = 65(¢), and @; (1) =
P2(1).

B.2 Step 2: Analysis of Cylinders and Cones

In the following analysis, we first consider only parameter values ¢ where k() # 0,
which implies that F;(r) # 0 and I/(z) # 0. Note that Equation (15) is trivially
satisfied when ¢; = ¢, = 0, which corresponds to the planar configuration. We
will therefore also exclude the case where ¢; = 0. Since F>(¢) # 0, Equation (15)
implies that ¢; # 0.
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We start our analysis for pairs of curves on planar developable patches that are
initially not restricted to be cylinders or cones. Solving Equation (15) for the square
of ¢; yields
2= A(t)et

> B(t)eT+C(t)’

where
A(t) = F (121, B(t) = (Fi(1)? — B(1)?) 210220 C(r) = B(1)?e2 0.
As c; is constant in ¢, differentiation w.r.t. parameter ¢ should be zero, that is,
0 4 g _ WOBW —AWB )G +A(CH) ~ANCW) 5
dt (B(t)c} +C(1))?
This equation must be satisfied for all suitable values of c¢;. Therefore, we require

that the coefficients of ¢} and ¢? in the numerator vanish, leading to the following
two constraints:

0=A'(t)B(t) —A(t)B (1) and 0=A'(1)C(t) —A(t)C'(¢). (16)

Additionally, note that the denominator cannot vanish for all #, which is equivalent
to B(t) = C(t) = 0, since our assumptions imply that C(z) # 0.
We simplify Equation (16) (right), which results in
F(t) K@)
F(t) B(t)

0=1(t)—L(t)+

Using integration, it follows that
0=1(t)—L(r)+1InF(t) — InF>(r) +const,

which simplifies to
Fi(t h(t)
L - C3677 (17)
2 (t ) eh(n)
where ¢3 # 0 is a constant. Note that the constant c¢3 only depends on F;(z) and
I;(t), thus only on the geometry, and is independent of ¢; or c;.
Next, we consider the equation which results from adding e
equation of Equation (16) to its left one:

Ar) (B(t) +eh <f>C(t)) —A(r) (B'(t) +eh <’>c'(t)) ~0.
Simplifications of this equation result in
F()? _ L)

201 (1) times the right

= . 18
B2 B0) o
Combining Equation (17) with Equation (18) yields
1)) = 315 (1)), (19)

We proceed by applying Equations (12), (17), and (19), as constraints to pairs
of curves on cylinders and cones.
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B.2.1 Isometric Deformation of a Cylinder

First, we consider two parametrizations of the same cylinder, s;(z,u) = x;(t) +-ur(t),
where

xi(t) = (£,0) + L;(¢)r(z) and r(r) = (0,1),

where /;(t) are two initially unknown C? length function.
Using the descriptions in Section 2.2, we compute the following quantities

si(0ki(1) = 14l—ll(f()t)2 and 0;(t) = arccos (%) ;

which simplify the expressions in Equation (14) to

L(r) = %log (1+1(1)%) and A = J1+11)2. (20

This yields the inclination angle

@;(t) = arcsin (ci\/m) 7

for constants c; and c;(cy) such that |c] < ¢ max-
Since in the case of cylinders, |r'(¢)| = 0, Equation (12) is trivially satisfied.
Additionally, Equations (17) and (19) simplify to

(1) = csly (¢) and LN (1) = Sl (05 ().

Since 1{/(t) = 0 if and only if [} (z) = 0, there are two possible scenarios:

o If I/ (1) # 0, then [{(¢) = c35(¢) and [, (r) = c31(t) + c4. This case corresponds
to pairs of curves lying in planes whose normals are coplanar with the ruling
directions, as discussed by [Nawratil 23]. Inserting this into Equation (15) yields
the following connection between the constants:

2.2 2 2

C2 _ 163 where ey < Cl,maxc3

3= _ _—
1+c%(c%—1) 1+cimax(c§—1)

e If I/ (r) =0, then /;(¢t) = a;t + b;, and the curves are linear functions. Then Equa-
tion (15) is trivially satisfied for all pairs of constants ¢ < ¢1 max = 1.

B.2.2 Isometric Deformation of a Cone

Next, we consider two parametrizations of the same cone, s;(7,u) = x;(¢) + ur(t),
with

xi(t) =v+1i(0)r(r) and r(t) = (cost,sint),
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where v is the cone apex and /;(¢) are two initially unknown C? length functions.
Similarly to the cylinder case, we use the description in Section 2.2 to compute
the quantities

WP+ 206 — L) ) 1)
WP rfur o Bl =arccos ( zi<r>2+z;<r>2> |

which simplify the expressions in Equation (14) to

S(ki(r) =

li(r)?
VP02

I,-(t):210gl,'(t)f%log(li(t)2+ll{(t)2) and i) =

This yields the inclination angle

@;(t) = arcsin c<¢
(] i li( )2+ll(l‘)2 9

for a constants ¢ and ¢>(c1) such that |c1| < ¢ max.
It follows that inserting into Equation (12) simplifies to

L)>+30 ()2 =200 (1) L(t)*+305(t)> —2L(1) 15 (1)

MOEAGE - AOENAGE ’
and Equation (17) yields
W) (2 42607 LK) _ () (0 + 250 - b0 (1))
()2 +1 (1) - o L(1)2 + (1) '
Since 14 (¢)? 421 (t)> — 1, (1)1 (t) = 0 if and only if L (1) +215(¢)* — L ()15 (¢),
we distinguish between two scenarios:

o If L;(t)> +21L(¢)> — L;(t)I] (t) # 0, we solve the two equations above for /{ (¢) and
1Y (t). When setting each pair of expressions for [’ (r) simplify to

(L () — e3h (1)) ()2 +1(2)?) (1,,-@)2 +20(1)? - 5(;)1;/(:))
Lo (L2 +402)

It follows that [;(¢) = c3l,(t), which corresponds to pairs of scaled curves with
respect to the apex, having parallel tangents. This solution satisfies also Equa-
tion (19). In this case, Equation (15) yields the following connection between the
constants:

=0.

c% = c%c% where ¢z < C1,max-
o If L;(t)> +20(¢)? — Li(t)I! (t) = 0, it follows that the solution reads

a;
()= —4
i(0) cos(t+b;)’
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for some constants a; and b; corresponding to straight lines on the cone (in polar
parametrization). It can be verified that this solution again satisfies also Equa-
tion (19). Furthermore, Equation (15) is again trivially satisfied for all pairs of
constants ¢; and ¢ with ¢ < ¢ max = 1.

B.3 Step 3: Considerations for Isolated Values with Vanishing Curvature

We now consider a X;(f) on a cylinder or a cones with isolated parameter values
T* ={t{,t3,... .1y} for t; € (fmin,’max) Where ki (#7) = 0.

In both the cylinder and cone case, we first consider a non-empty interval T’
with ki (¢) # 0 for all € T'. For a configuration that maintains the planarity of
x (), let x»(¢) be a curve that remains planar during all isometric deformations
preserving the planarity of x; (7). Let E; denote its base plane of X;(z).

For t € T\T', as we are only considering planar curves, the only admissible
parts of the remaining second curve coincide with the intersection of the 3D con-
figurations of the developable patch with E»:

¢ In case of a cylinder, this intersection is well-defined and the remaining points of
the curve still satisfy the characteristic that the normal of E;, the normal of E,
and the ruling direction are coplanar.

* In case of a cone, E; and E; are parallel. Consequently, if the configuration is
bend and the planes did not contain the cone apex for ¢t € T’, they will not do so
for t € T. Consequently, the intersection is again well-defined and the extension
satisfies the characteristic property that the base planes are parallel.

In both cases, s/ (17 )k1(¢}) = 0 implies s (¢} )k2(¢}) = 0, hence also for parame-
ter values 77 € T*, the necessary conditions in Equation (12) and Equation (13) are
satisfied.

B.4 Step 4: Isometric Deformations of Tangent Developables from Cones

In the following, we argue that if s(z,u) is a developable patch with |R’(¢)| # 0,
except at isolated points, then the only curvature-continuous curves that remain
planar during isometric deformations (which preserve the planarity of the directrix)
are those that are tangent-parallel to the directrix.

Our argument first considers an interval T’ C T with |R'(¢)| # 0 forallz € T’. In
this context, we represent the considered developable patch in terms of a (possibly
singular) edge of regression, which does not contain a point at infinity. We will
now use the findings from Section 3.1 to demonstrate our claim by contradiction.

Suppose there exists a developable patch with |R'(r)| # 0, except at isolated
points, that allows for an isometric deformation such that two curves, x;(r) and
x2(t), which are neither straight nor tangent-parallel, remain planar. Since the
curves are not tangent-parallel, their carrier planes would not be parallel. In this
case, we could examine the corresponding curves on a the ruling cone. Since any
isometric deformation of the tangent developable surface would result in an isomet-
ric deformation of a cone (as shown in Lemma 1), we would have the configuration
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of the curves X A (f) and X, A (t). According to Lemma 2, the tangents of these
curves would be parallel to the tangents of the corresponding curves X (¢) and
X (). Thus, they would lie in two planes, which, by assumption, were not parallel.
This would lead to a contradiction.

Similar to the previous discussion, for isolated parameter values where |R’ ()| =
0, the above argument cannot be applied. However, if X,(¢) is an appropriate sec-
ond curve for all ¢+ € T, its extension must reside in the intersection of the base
plane of X,(¢) and the considered surface configuration. Upon the existence of
such a (curvature continuous) extension, this results in a tangent-parallel curve for
allteT.
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